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0DFURVFRSLF WHQVRULDO SK\VLFDO SURSHUWLHV ZKLFK DUH GLIIHUHQW LQ WZR GRPDLQV RI D IHUURLF FU\VWDO

SURYLGH D WHQVRU GLVWLQFWLRQ RI WKH WZR GRPDLQV� 7KLV WHQVRU GLVWLQFWLRQ LV GHWHUPLQHG IURP D V\PPHWU\

UHODWLRQVKLS� FDOOHG D WZLQ ODZ� EHWZHHQ WKH EXON VWUXFWXUHV� WKH GRPDLQ VWDWHV� RI WKH WZR GRPDLQV� 7KH

VLPSOHVW W\SH RI WZLQ ODZ LV WKH VR FDOOHG FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZ� :H H[WHQG KHUH WKH FRQFHSW

RI FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV IURP QRQ�PDJQHWLF WR PDJQHWLF FRPSOHWHO\ WUDQVSRVDEOH WZLQ

ODZV� :H HVWDEOLVK WKH VWUXFWXUH RI DQG WDEXODWH WKH ��� FODVVHV RI PDJQHWLF FRPSOHWHO\ WUDQVSRVDEOH

WZLQ ODZV� 7KH UHODWLRQVKLS EHWZHHQ PDJQHWLF FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV DQG GRXEOH

DQWLV\PPHWU\ JURXSV LV WKHQ JLYHQ� ([DPSOHV RI WKH DSSOLFDWLRQ RI PDJQHWLF FRPSOHWHO\ WUDQVSRVDEOH

WZLQ ODZV DUH JLYHQ LQ WKH WHQVRU GLVWLQFWLRQ RI QRQ�IHUURHODVWLF PDJQHWRHOHFWULF GRPDLQ SDLUV�
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:H FRQVLGHU FU\VWDOOLQH GRPDLQV ZKLFK DULVH LQ D SKDVH WUDQVLWLRQ IURP D KLJK V\PPHWU\ SKDVH

RI V\PPHWU\ * WR D ORZ V\PPHWU\ SKDVH RI V\PPHWU\ )� :H VKDOO UHIHU WR WKH EXON VWUXFWXUHV RI WKHVH

GRPDLQV LQ SRO\GRPDLQ VDPSOHV DV GRPDLQ VWDWHV� 6HYHUDO GLVFRQQHFWHG GRPDLQV RI SRVVLEO\ GLIIHUHQW

VKDSH FDQ KDYH WKH VDPH GRPDLQ VWDWH� &RQVHTXHQWO\� GRPDLQ VWDWHV RI D SRO\GRPDLQ VDPSOH UHSUHVHQW

VWUXFWXUHV WKDW DSSHDU LQ WKH VDPSOH� LUUHVSHFWLYH RI LQ ZKLFK GRPDLQ DQG LUUHVSHFWLYH RI WKH GRPDLQ
V

VKDSH� :H VKDOO EH LQWHUHVWHG LQ WKH WHQVRU GLVWLQFWLRQ RI GRPDLQV� GLVWLQJXLVKLQJ WKH GRPDLQV E\ WKH

YDOXHV RI FRPSRQHQWV RI PDFURVFRSLF WHQVRULDO SK\VLFDO SURSHUWLHV� 7KLV WHQVRU GLVWLQFWLRQ RI GRPDLQV

LV LGHQWLFDO ZLWK WKH WHQVRU GLVWLQFWLRQ RI WKH GRPDLQV
 FRUUHVSRQGLQJ GRPDLQ VWDWHV� %HFDXVH WKH

GRPDLQV� GXH WR WKHLU VKDSH� DUH QRW QHFHVVDULO\ V\PPHWU\ UHODWHG� ZKLOH WKHLU FRUUHVSRQGLQJ GRPDLQ

VWDWH DUH� ZH FRQVLGHU� LQ ZKDW IROORZV� WKH WHQVRU GLVWLQFWLRQ RI GRPDLQ VWDWHV� $V ZH VKDOO FRQVLGHU

PDFURVFRSLF WHQVRULDO SK\VLFDO SURSHUWLHV� ZH VKDOO XVH WKH FRQWLQXXP GHVFULSWLRQ RI WKH GRPDLQ VWDWHV

DQG RXU V\PPHWU\ DQDO\VLV ZLOO EH EDVHG RQ SRLQW JURXS FRQVLGHUDWLRQV RQO\�

7ZR GRPDLQ VWDWH 6 DQG 6 IRUP D GRPDLQ SDLU ^6 �6` �-DQRYHF� ������ :H VKDOO FDOO WKH WZLQL M L M

ODZ RI WKH GRPDLQ SDLU ^6 �6` WKDW V\PPHWU\ LQIRUPDWLRQ ZKLFK VSHFLILHV WKH SRLQW JURXSV RI WKH WZRL M

GRPDLQ VWDWHV 6 DQG 6 DQG WKHLU UHODWLRQVKLS� 7KLV V\PPHWU\ LQIRUPDWLRQ LV SURYLGHG IRU E\ WKH SRLQWL M

JURXS ) � WKH SRLQW JURXS RI WKH GRPDLQ VWDWH 6 � DQG WKH HOHPHQW J � FDOOHG WKH WZLQQLQJ RSHUDWLRQ�L L LM

ZKLFK WUDQVIRUPV WKH GRPDLQ VWDWH 6 LQWR WKH GRPDLQ VWDWH 6 � L�H� J 6 6� 7KH SRLQW JURXS RI WKHL M LM L M

GRPDLQ VWDWH 6 LV JLYHQ E\ )  J )J � DQG WKH UHODWLRQVKLS EHWZHHQ WKH GRPDLQ VWDWHV LV JLYHQ E\ WKHM M LM L LM
��

WZLQQLQJ RSHUDWLRQ J �LM

7KH WZLQ ODZ RI D GRPDLQ SDLU FDQ DOWHUQDWLYHO\ EH JLYHQ E\ D JURXS -  �) �J !� WKH JURXSL LM

JHQHUDWHG E\ WKH JURXS ) DQG WKH WZLQQLQJ RSHUDWLRQ J � ,Q LWV VLPSOHVW IRUP WKH WZLQ ODZ LV RI WKH IRUPL LM

- � �) � J !  ) � J ) ���L LM L LM L

ZKHUH - FRQVLVWV RI RQO\ WZR FRVHWV RI WKH SRLQW JURXS ) � ,Q WKLV FDVH WKH WZLQ ODZ LV UHIHUHG WR DV DL

FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZ �-DQRYHF� /LWYLQ� DQG 5LFKWHURYD� ������ 7KLV LV UHIHUHG WR DV D

WUDQVSRVDEOH WZLQ ODZ �7KLV ZDV SUHYLRXVO\ UHIHUHG WR DV DQ DPELYDOHQW WZLQ ODZ �-DQRYHF� ������ DV WKH

WZLQQLQJ RSHUDWLRQ J QRW RQO\ WUDQVIRUPV WKH GRPDLQ VWDWH 6 LQWR 6 EXW LQ DGGLWLRQ WUDQVIRUPV WKHLM L M



GRPDLQ VWDWH 6 LQWR 6 � L�H�M L

6  J 6 DQG 6  J 6 �M LM L L LM M

7KLV LV UHIHUHG WR DV D FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZ EHFDXVH LQ DGGLWLRQ WR EHLQJ WUDQVSRVDEOH� WKH

SRLQW JURXSV RI WKH WZR GRPDLQ VWDWHV 6 DQG 6 DUH LGHQWLFDO� WKDW LV�L M

) � J )J  )M LM L LM L
��

$ IHUURLF SKDVH LV QRQ�IHUURHODVWLF LI DOO WKH GRPDLQV KDYH WKH VDPH �]HUR� VSRQWDQHRXV

GHIRUPDWLRQ �$L]X������� ,Q D QRQ�IHUURHODVWLF SKDVH WKHUH DUH Q  
*
�
)
 GRPDLQ VWDWHV ZKHUH 
*
 DQG


)
GHQRWH WKH RUGHU RI WKH JURXSV * DQG )� UHVSHFWIXOO\� ZKLFK DUH DOO UHODWHG E\ WKH FRVHW

UHSUHVHQWDWLYHV RI WKH FRVHW GHFRPSRVLWLRQ RI * ZLWK UHVSHFW WR )� 7KH WZLQ ODZV RI QRQ�IHUURHODVWLF

GRPDLQ SDLUV DUH RI WKH IRUP RI (TXDWLRQ ���� L�H� DUH FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV �-DQRYHF�

5LFKWHURYD� DQG /LWYLQ� ������

,Q D IHUURHODVWLF SKDVH� WKH RULHQWDWLRQV RI WKH GRPDLQ VWDWHV DUH FRQWUROOHG E\ GLVRULHQWDWLRQV�

L�H� URWDWLRQV RI VLQJOH GRPDLQ VWDWHV �GRPDLQ VWDWHV LQYDULDQW XQGHU ) RU DQ\ FRQMXJDWH VXEJURXS RI )

LQ *� QHHGHG WR DFKLHYH D FRKHUHQW LQWHUIDFH RI WZR IHUURHODVWLF GRPDLQ VWDWHV DORQJ D SODQDU ZDOO�

&RQVHTXHQWO\� WKH QXPEHU RI GRPDLQ VWDWHV LQ D IHUURHODVWLF SKDVH LV� LQ JHQHUDO� JUHDWHU WKDQ Q  


*
�
)
 DQG WKH WZLQ ODZ RI D IHUURHODVWLF GRPDLQ SDLU LV� LQ JHQHUDO� QRW D FRPSOHWHO\ WUDQVSRVDEOH WZLQ

ODZ �-DQRYHF� /LWYLQ� DQG 5LFKWHURYD� ������

7KH WHQVRU GLVWLQFWLRQ RI WZR GRPDLQ VWDWHV RI D GRPDLQ SDLU FDQ EH GHWHUPLQHG IURP WKH

GRPDLQ SDLU
V WZLQ ODZ� 7KH IRUP 7 RI D WHQVRU 7 LQ WKH GRPDLQ VWDWH 6 LV GHWHUPLQHG E\ WKH SRLQW JURXSL L

) DQG WKH IRUP 7 RI WKH WHQVRU 7 LQ WKH GRPDLQ VWDWH 6 FDQ EH GHWHUPLQHG E\ WUDQVIRUPLQJ 7 E\ J �L M M L LM

7  J 7 ���M LM L

%\ FRPSDULQJ WKH IRUPV 7 DQG 7 UHODWHG E\ (TXDWLRQ ���� RQH GHWHUPLQHV WKH FRPSRQHQWV RI WKH WHQVRUL M

7 ZKLFK DUH GLVWLQFW LQ WKH WZR GRPDLQ VWDWHV� L�H� RQH GHWHUPLQHV WKH WHQVRU GLVWLQFWLRQ RI WKH GRPDLQ

SDLU ^6 �6`�L M

1RQ�PDJQHWLF FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV� (TXDWLRQ ���� FDQ EH ZULWWHQ DV

-  ) � J )


ZKHUH - LV D QRQ�PDJQHWLF SRLQW JURXS �L�H� D SRLQW JURXS EHORQJLQJ WR RQH RI WKH WKLUW\�WZR FODVVHV RI



FU\VWDOORJUDSKLF SRLQW JURXSV�� DQG WKH HOHPHQW �J� KDV EHHQ VWDUHG WR GHQRWH DQG HPSKDVL]H WKDW WKLV

LV DQ HOHPHQW RI -ZKLFK WUDQVSRVHV WKH WZR GRPDLQ VWDWHV� 7KH QRQ�PDJQHWLF FRPSOHWHO\ WUDQVSRVDEOH

WZLQ ODZ LV XQLTXHO\ FKDUDFWHUL]HG E\ WKH SRLQW JURXS - DQG D VXEJURXS ) RI LQGH[ WZR RI -�

&RQVHTXHQWO\� WKH PDWKHPDWLFDO VWUXFWXUH RI QRQ�PDJQHWLF FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV LV WKH

VDPH DV WKDW RI GLFKURPDWLF �EODFN DQG ZKLWH� DQWLV\PPHWU\� SRLQW JURXSV �+HHVFK� ����� 6KXEQLNRY�

������ &RPSOHWHO\ WUDQVSRVDEOH QRQ�PDJQHWLF WZLQ ODZV KDYH EHHQ XVHG LQ GHWHUPLQLQJ WKH

PDFURVFRSLF WHQVRULDO SK\VLFDO SURSHUWLHV ZKLFK GLVWLQJXLVK GRPDLQV RI D GRPDLQ SDLU LQ WKH FDVHV RI

QRQ�IHUURHODVWLF DQG IHUURHOHFWULF QRQ�IHUURHODVWLF GRPDLQV �-DQRYHF� 5LFKWHURYD� DQG /LWYLQ� �����������

,Q 6HFWLRQ � ZH H[WHQG WKH FRQFHSW RI FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV IURP WKDW RI QRQ�

PDJQHWLF FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV WR PDJQHWLF FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV� L�H� WR WKH

FDVH ZKHUH LQ (TXDWLRQ ��� - LV D PDJQHWLF SRLQW JURXS� 7KH VWUXFWXUH RI PDJQHWLF FRPSOHWHO\

WUDQVSRVDEOH WZLQ ODZV LV WKHQ FRQVLGHUHG� WZR W\SHV RI QRWDWLRQ DUH LQWURGXFHG DQG DOO FODVVHV RI

PDJQHWLF FRPSOHWOH\ WUDQVSRVDEOH WZLQ ODZV DUH WKHQ GHULYHG� ,Q 6HFWLRQ � ZH GLVFXVV WKH DSSOLFDWLRQ

RI PDJQHWLF FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV LQ GHWHUPLQLQJ WKH WHQVRU GLVWLQFWLRQ RI QRQ�IHUURHODVWLF

PDJQHWRHOHFWULF GRPDLQ SDLUV� ,W LV VKRZQ LQ $SSHQGL[ � WKDW WKH PDWKHPDWLFDO VWUXFWXUH RI PDJQHWLF

FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV LV WKH VDPH DV WKDW RI WKH VR FDOOHG GRXEOH DQWLV\PPHWU\ JURXSV

LQWURGXFHG E\ =DPRU]DHY DQG 6RNRORY ������� VHH DOVR =DPRU]DHY ������ DQG =DPRU]DHY DQG 3DOLVWUDQW

������� $ WKLUG W\SH RI QRWDWLRQ LV LQWURGXFHG WKHUH IRU PDJQHWLF WUDQVSRVDEOH WZLQ ODZV EDVHG RQ WKH

QRWDWLRQ XVHG IRU GRXEOH DQWLV\PPHWU\ JURXSV�

,Q WKH UHPDLQGHU RI WKLV SDSHU� IRU W\SRJUDSKLFDO DQG OLQJXLVWLF VLPSOLFLW\� ZH VKDOO UHIHU WR

�FRPSOHWHO\ WUDQVSRVDEOH WZLQ ODZV� VLPSO\ DV �WZLQ ODZV��
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/HW - GHQRWH D PDJQHWLF SRLQW JURXS� L�H� D SRLQW JURXS EHORQJLQJ WR RQH RI WKH ��� FODVVHV RI

FU\VWDOORJUDSKLF PDJQHWLF SRLQW JURXSV �2SHFKRZVNL� ������ /HW ) GHQRWH D VXEJURXS RI LQGH[ WZR RI

-� $ PDJQHWLF WZLQ ODZ� - ) � J
)� ZLWK D PDJQHWLF SRLQW JURXS -� LV XQLTXHO\ FKDUDFWHUL]HG DQG FDQ

EH GHQRWHG� LQ D GRXEOH JURXS QRWDWLRQ� E\ ->)@� $ VHFRQG VLQJOH JURXS QRWDWLRQ IRU D PDJQHWLF WZLQ ODZ



FDQ EH KDG E\ XVLQJ WKH +HUPDQQ�0DXJXLQ �,QWHUQDWLRQDO� QRWDWLRQ IRU WKH PDJQHWLF JURXS -� ,QGLYLGXDO

V\PEROV LQ WKH JURXS V\PERO RI - UHSUHVHQWLQJ HOHPHQWV RI - QRW FRQWDLQHG LQ ) DUH VWDUUHG� )RU

H[DPSOH� WKH PDJQHWLF WZLQ ODZV � �P 
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VLQJOH JURXS QRWDWLRQ� UHVSHFWIXOO\ DV � �P 
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7KH HTXLYDOHQFH RI WZR PDJQHWLF WZLQ ODZV LV GHILQHG DV IROORZV� 7ZR PDJQHWLF WZLQ ODZV - >) @� �

DQG - >) @ DUH VDLG WR EH HTXLYDOHQW DQG EHORQJ WR WKH VDPH FODVV RI PDJQHWLF WZLQ ODZV LI WKHUH H[LVWV� �

D (XFOLGLDQ WUDQVIRUPDWLRQ WKDW VLPXOWDQHRXVO\ WUDQVIRUPV - LQWR - DQG ) LQWR ) �� � � �

7R GHULYH WKH QXPEHU RI FODVVHV RI PDJQHWLF WZLQ ODZV ->)@ ZH ILUVW LQWURGXFH D QRWDWLRQ IRU QRQ�

PDJQHWLF SRLQW JURXSV DQG WKH PRUH GHWDLOHG QRWDWLRQ IRU WKH PDJQHWLF SRLQW JURXSV� :H GHQRWH D QRQ�

PDJQHWLF SRLQW JURXS E\ 4� 7KHUH DUH WKUHH W\SHV RI PDJQHWLF SRLQW JURXSV�

�� - 4 � 7KHUH DUH �� VXFK FODVVHV� 7KHVH DUH WKH �� FODVVHV RI FU\VWDOORJUDSKLF QRQ�

PDJQHWLF SRLQW JURXSV�

�� - 4�
 � 7KHUH DUH �� VXFK FODVVHV� 7KHVH DUH GLUHFW SURGXFWV RI D QRQ�PDJQHWLF SRLQW

JURXS 4 DQG WKH JURXS �
 FRQVLVWLQJ RI WKH LGHQWLW\ � DQG WLPH LQYHUVLRQ �
�

�� -  + � D
+ � 7KHUH DUH �� VXFK FODVVHV� 0DJQHWLF JURXSV RI WKLV W\SH DUH DOVR

GHQRWHG E\ 4�+� ZKHUH

4  + � D+ �

$OO PDJQHWLF JURXSV - 4� - 4�
� DQG -  4�+� DUH VDLG WR EHORQJ WR WKH VDPH IDPLO\ RI WKH FODVV RI

WKH QRQ�PDJQHWLF SRLQW JURXS 4� &RQVHTXHQWO\� DOO ��� FODVVHV RI PDJQHWLF SRLQW JURXSV FDQ EH

FDWHJRUL]HG DFFRUGLQJ WR WKHLU IDPLO\ LQWR �� IDPLOLHV�

,Q GHULYLQJ WKH PDJQHWLF WZLQ ODZV ->)@ LW LV DGYDQWDJHRXV WR VXEGLYLGH WKH GHULYDWLRQ DFFRUGLQJ



WR WKH W\SH RI PDJQHWLF SRLQW JURXS -�

�� - 4 � )PXVW WKHQ EH D VXEJURXS + RI LQGH[ � RI WKH QRQ�PDJQHWLF SRLQW JURXS 4� 7KH WZLQ

ODZ LV WKHQ RI WKH W\SH ->)@  4>+@� L�H� D QRQ�PDJQHWLF WZLQ ODZ ZKLFK LQ WKH IRUPDW RI (TXDWLRQ ��� LV

ZULWWHQ DV 4 + � D
+� 7KH QXPEHU RI FODVVHV RI PDJQHWLF WZLQ ODZ 4>+@ LV WKH VDPH DV WKH QXPEHU

RI FODVVHV RI PDJQHWLF SRLQW JURXSV 4�+�� WKDW LV� ��� )RU H[DPSOH� IRU 4  � � � DQG +  � ZH KDYH[ \ ] ]

WKH WZLQ ODZ � � �  � � � 
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DQG +� D
+ LV D QRQ�PDJQHWLF WZLQ ODZ 4>+@� WKH DERYH W\SH RI PDJQHWLF WZLQ ODZ FDQ EH GHQRWHG E\
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� 7KH QXPEHU RI FODVVHV RI VXFK PDJQHWLF WZLQ ODZV LV WKH VDPH DV WKH QXPEHU RI FODVVHV RI WZLQ

ODZV 4>+@� WKDW LV� ��� )RU H[DPSOH� IRU 4  � � � DQG +  � ZH KDYH WKH WZLQ ODZ � � � �
  � �
 �[ \ ] ] [ \ ] ]

� 
� �
 ZKLFK LV GHQRWHG E\ � � � �
>� �
@ RU � 
� 
� �
�[ ] [ \ ] ] [ \ ]

LLL� ,I )  4�+� WKHQ WKH PDJQHWLF WZLQ ODZ LV ->)@  4�
>4�+�@ DQG �

-  4�+� � �

4�+�  4�+��





7KH QXPEHU RI FODVVHV RI VXFK PDJQHWLF WZLQ ODZV LV WKH VDPH DV WKH QXPEHU RI FODVVHV RI PDJQHWLF
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�� -  4�+� � 7KHUH DUH WZR SRVVLELOLWLHV IRU )�

L� )  + � 7KH PDJQHWLF WZLQ ODZ LV 4�+�>+@ DQG�

-  + � D

+

7KH QXPEHU RI FODVVHV RI VXFK PDJQHWLF WZLQ ODZV LV WKH VDPH DV WKH QXPEHU RI FODVVHV RI PDJQHWLF
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LL� )  � + � 7KH PDJQHWLF WZLQ ODZ LV 4�+�>.�5�@ ZKHUH .�5� LV D PDJQHWLF VXEJURXS RI

LQGH[ � RI 4�+� DQG�

-  5 � D 
5 � D 
5 � D 

5� � �

. 5� D 5 DQG + 5� D 5 DUH VXEJURXSV RI LQGH[ � RI 4� 5 LV D VXEJURXS RI LQGH[ � RI ERWK + DQG� �

. DQG D VXEJURXS RI LQGH[ � RI 4� 7KHUH DUH ��� FODVVHV RI PDJQHWLF WZLQ ODZV 4�+�>.�5�@� )RU H[DPSOH�
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7KHUH DUH WKHQ VL[ W\SHV RI PDJQHWLF WZLQ ODZV ->)@

�� 4>+@ �� 4�
>4@  4�



�� 4�
>+�
@  4>+@�
 �� 4�
>4�+�@  4�+��

 ���

�� 4�+�>+@ �� 4�+�>.�5�@



DQG D WRWDO RI ��� FODVVHV RI PDJQHWLF WZLQ ODZV � 7KH PDJQHWLF WZLQ ODZV FDQ EH FODVVLILHG LQWR ��


IDPLOLHV DFFRUGLQJ WR WKH IDPLO\ RI WKH PDJQHWLF JURXS -� $ UHSUHVHQWDWLYH PDJQHWLF WZLQ ODZ RI HDFK

FODVV RI PDJQHWLF WZLQ ODZV EHORQJLQJ WR WKH IDPLO\ RI 4  ��� LV JLYHQ LQ 7DEOH �� 7KH QXPEHUV

DVVLJQHG WR HDFK PDJQHWLF WZLQ ODZ FRQVLVWV ILUVW RI WKH VHULDO QXPEHU JLYHQ WR WKH PDJQHWLF WZLQ ODZ
V

IDPLO\ IROORZHG E\ D GHFLPDO SRLQW DQG WKH VHULDO QXPEHU RI WKH FODVV RI WKH PDJQHWLF WZLQ ODZV LQ WKDW

IDPLO\� 7KLV LV IROORZHG� LQ SDUHQWKHVHV� E\ D QXPEHU GHQRWLQJ WKH W\SH RI WKH PDJQHWLF WZLQ ODZ� VHH

(TXDWLRQ ���� ,Q WKH ILUVW FROXPQ LV WKH V\PERO IRU WKH PDJQHWLF WZLQ ODZ LQ GRXEOH JURXS QRWDWLRQ

IROORZHG LQ WKH VHFRQG FROXPQ ZLWK WKH FRUUHVSRQGLQJ VLQJOH JURXS QRWDWLRQ� ,Q WKH WKLUG FROXPQ LV D

WKLUG QRWDWLRQ EDVHG RQ WKH QRWDWLRQ IRU WKH VL[ W\SHV RI WZLQ ODZV JLYHQ LQ (TXDWLRQ ��� DQG WKH V\PEROV

ZKLFK GHQRWH GRXEOH DQWLV\PPHWU\ JURXSV� 7KLV WKLUG QRWDWLRQ DQG WKH UHODWLRQVKLS EHWZHHQ WKH

PDJQHWLF WZLQ ODZV GHULYHG LQ WKLV VHFWLRQ DQG WKH GRXEOH DQWLV\PPHWU\ JURXSV LV JLYHQ LQ $SSHQGL[

,�

�� 7(1625 ',67,1&7,21

:H FRQVLGHU WKH WHQVRU GLVWLQFWLRQ RI QRQ�IHUURHODVWLF PDJQHWRHOHFWULF GRPDLQ SDLU �/LWYLQ�

-DQRYHF� 	 /LWYLQ� ������ ,Q VXFK GRPDLQ SDLUV� WKH GRPDLQV VWDWHV 6 DQG 6 KDYH WKH VDPH �]HUR�L M

VSRQWDQHRXV GHIRUPDWLRQ DQG WKHLU PDJQHWLF WZLQ ODZV -  ) � J
) DUH FRPSOHWHO\ WUDQVSRVDEOH� :H

GHQRWH D SK\VLFDO SURSHUW\ WHQVRU E\ 7� DQG WKH IRUP RI WKLV WHQVRU LQ WKH WZR GRPDLQ VWDWHV 6 DQG 6 �L M

UHVSHFWLYHO\� E\ 7 DQG 7 � 7KH FRPSRQHQWV RI WKH WHQVRU 7 ZLOO EH GHQRWHG E\ 7 �L M L L
������

7KH W\SHV RI SK\VLFDO SURSHUW\ WHQVRUV FRQVLGHUHG DUH GHQRWHG E\ V\PEROV IRU WKHLU

WUDQVIRUPDWLRQDO SURSHUWLHV� (DFK V\PERO FRQVLVWV RI WKH V\PERO 9 � ZKLFK GHQRWHV WKH Q�WK SURGXFWQ

RI D SRODU YHFWRU WHQVRU� SRVVLEO\ SUHFHGHG E\ �D� DQG�RU �H� � V\PEROV ZKLFK GHQRWH UDQN ]HUR WHQVRUV

WKDW FKDQJH VLJQ� UHVSHFWLYHO\� XQGHU WLPH LQYHUVLRQ �
 DQG VSDWLDO LQYHUVLRQ ��� 7KH SK\VLFDO PHDQLQJ

RI PDQ\ W\SHV RI WKHVH WHQVRUV DUH JLYHQ E\ 6LURWLQ DQG 6KDVNROVND\D ������� :H OLVW HLJKW WHQVRU W\SHV

LQ WKH ILUVW FROXPQ RI 7DEOH ��

:H FRQVLGHU D GRPDLQ SDLU UHODWHG E\ WKH PDJQHWLF WZLQ ODZ ->)@  � � 
� 
>� @� L�H� E\ WKH WZLQ] [ [\ ]

ODZ � � 
� 
  � � � 

� � ,Q WKLV FDVH WKH SRLQW JURXS RI WKH GRPDLQ 6 LV )  � DQG WKH GRPDLQ 6 LV] [ [\ ] [ ] L ] M



UHODWHG WR WKH GRPDLQ 6 E\ WKH HOHPHQW � 
� L�H� 6  � 
6 � &RQVHTXHQWO\� WKH IRUP RI WKH WHQVRU 7 LVL [ M [ L L

LQYDULDQW XQGHU WKH SRLQW JURXS � DQG WKH IRUP RI WKH WHQVRU 7 LV UHODWHG WR WKH IRUP RI WKH WHQVRU 7 E\] M L

WKH HOHPHQW � 
� L�H� 7  � 
7 � 7KH IRUP RI QRQ�PDJQHWLF SK\VLFDO SURSHUW\ WHQVRUV LQYDULDQW XQGHU QRQ�[ M [ L

PDJQHWLF SRLQW JURXSV� IRU D ZLGH YDULHW\ RI WHQVRU W\SHV FDQ EH IRXQG LQ 6LURWLQ DQG 6KDVNROVND\D

������� 7KHVH VDPH WDEOHV FDQ EH DOVR EH XVHG WR GHWHUPLQH WKH IRUP RI PDJQHWLF SK\VLFDO SURSHUW\

WHQVRU LQYDULDQW XQGHU PDJQHWLF SRLQW JURXSV �/LWYLQ� ������ )RU WKH PDJQHWRHOHFWULF HIIHFW WHQVRU� D

WHQVRU RI WKH W\SH DH9 � WKH IRUP RI WKH WHQVRU 7 � LQYDULDQW XQGHU � LV��
L ]

$ & �

7  �& $ �L
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� � %

7KH IRUP RI WKH WHQVRU 7  � 
7 LV FDOFXODWHG YLD WKH VWDQGDUG WUDQVIRUPDWLRQ RI D VHFRQG UDQN WHQVRUM [ L
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ZKHUH WKH DGGLWLRQDO PLQXV VLJQ LV SUHVHQW VLQFH WKH WHQVRU W\SH LV DH9 � ZKLFK FKDQJHV VLJQ XQGHU WLPH�

LQYHUVLRQ� DQG J
  � 
 LV D SULPHG HOHPHQW� 7KH IRUP RI WKH WHQVRU 7 LV WKHQ�[ M

�$ & �
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7KH WZR GRPDLQV FDQ EH GLVWLQJXLVKHG E\ WKH 7 � 7 � DQG 7 FRPSRQHQWV RI WKH PDJQHWRHOHFWULF HIIHFW[[ \\ ]]

WHQVRU�

,Q WKH VHFRQG DQG WKLUG FROXPQ RI 7DEOH �� ZH JLYH WKH FRPSRQHQW IRUPV RI WKH WHQVRUV 7 DQGL

7 IRU WKH WHQVRU W\SHV OLVWHG LQ WKH ILUVW FROXPQ� %\ FRPSDULQJ WKH IRUPV RI WKH WHQVRUV LQ WKH WZRM

GRPDLQV RI WKH GRPDLQ SDLU UHODWHG E\ WKLV PDJQHWLF WZLQ ODZ ZH KDYH WKDW ILYH WHQVRU W\SHV GLVWLQJXLVK

EHWZHHQ WKH WZR GRPDLQV DQG WKUHH GR QRW�

7KLV GRPDLQ SDLU LV PDJQHWRHOHFWULF DV WKH IRUP RI WKH PDJQHWRHOHFWULF HIIHFW WHQVRU �D WHQVRU

RI W\SH DH9 � LV GLIIHUHQW LQ WKH WZR GRPDLQV� DQG QRQ�IHUURHODVWLF DV WKH IHUURHODVWLFLW\ HIIHFW WHQVRU ��

RI WKH W\SH >9 @ � LV LGHQWLFDO LQ WKH WZR GRPDLQV� )URP 7DEOH � ZH KDYH WKDW WKH GRPDLQV RI WKLV GRPDLQ�

SDLU FDQ DOVR EH GLVWLQJXLVKHG E\ VSRQWDQHRXV SRODUL]DWLRQ � 9 �� SLH]RHOHFWULF DQG VHFRQG QRQ�OLQHDU

PDJQHWRHOHFWULF WHQVRUV � 9>9 @ �� SLH]RPDJQHWLF DQG ILUVW QRQ�OLQHDU PDJQHWRHOHFWULF WHQVRUV�

� DH9>9 @ �� DQG QRQ OLQHDU HOHFWULF WHQVRUV � >9 @ � �6HH 6FKPLG ������ IRU D FRPSOHWH GLVFXVVLRQ RI WKHVH� �

PDJQHWRHOHFWULF SKHQRPHQD�� 7KH GRPDLQV FDQ QRW EH GLVWLQJXLVKHG E\ VSRQWDQHRXV PDJQHWL]DWLRQ



�DH9�� WKHLU HOHFWULF DQG PDJQHWLF VXVFHSWLELOLW\ � >9 @ �� QRU E\ WKHLU QRQ�OLQHDU PDJQHWLF VXVFHSWLELOLW\�

� DH>9 @ ���

$&.12:/('*(0(176

7KLV ZRUN ZDV VXSSRUWHG E\ WKH 1DWLRQDO 6FLHQFH )RXQGDWLRQ XQGHU JUDQWV '05��������� '05�

�������� DQG ,17��������� DQG E\ WKH *UDQW $JHQF\ RI WKH $FDGHP\ RI 6FLHQFHV RI WKH &]HFK 5HSXEOLF

XQGHU WKH JUDQW 1R� ������ 2QH RI XV �'%/� JUDWHIXOO\ DFNQRZOHGJHV WKH KRVSLWDOLW\ H[WHQGHG GXULQJ D

VDEEDWLFDO YLVLW WR WKH ,QVWLWXWH RI 3K\VLFV RI WKH $FDGHP\ RI 6FLHQFHV RI WKH &]HFK 5HSXEOLF�

7KH FRPSOHWH WDEOHV KDYH EHHQ GHSRVLWHG ZLWK WKH %ULWLVK /LEUDU\ /HQGLQJ 'LYLVLRQ DV 6XSSOHPHQWDU\


3XEOLFDWLRQ 1R� 683��������SS��� &RSLHV PD\ EH REWDLQHG WKURXJK 7KH ([HFXWLYH 6HFUHWDU\� ,QWHUQDWLRQDO

8QLRQ RI &U\VWDOORJUDSK\� � $EEH\ 6TXDUH� &KHVWHU &+� �+8� (QJODQG�

$33(1',; �� '28%/( $17,6<00(75< *52836

7KH PDJQHWLF WZLQ ODZV� GHULYHG LQ 6HFWLRQ �� KDYH WKH VDPH PDWKHPDWLFDO VWUXFWXUH DV WKH

GRXEOH DQWLV\PPHWU\ SRLQW JURXSV LQWURGXFHG E\ =DPRU]DHY DQG 6RNRORY ������� 'RXEOH DQWLV\PPHWU\

SRLQW JURXSV FDQ EH GHILQHG DV IROORZV� $OO SRLQWV RI D ILQLWH REMHFW DUH DVVLJQHG WZR VLJQV� HDFK RI

ZKLFK FDQ EH D SRVLWLYH RU QHJDWLYH VLJQ� ,Q DGGLWLRQ WR WKH SRLQW JURXS WUDQVIRUPDWLRQV RI WKH XQVLJQHG

REMHFW� RQH GHILQHV WUDQVIRUPDWLRQV RI WKH VLJQV� D WUDQVIRUPDWLRQ �
 ZKLFK UHYHUVHV WKH YDOXH RI WKH ILUVW

VLJQ� DQG �
 ZKLFK UHVHUYHV WKH YDOXH RI WKH VHFRQG VLJQ� �,Q =DPRU]DHY DQG 6RNRORY ������� WKH VWDU

LV SODFHG WR WKH OHIW RI WKH V\PERO� L�H� 
��� $ GRXEOH DQWLV\PPHWU\ JURXS LV DQ LQYDULDQFH JURXS RI VXFK

D VLJQHG ILQLWH REMHFW� WKH JURXS RI WKRVH SRLQW JURXS WUDQVIRUPDWLRQV DQG SRLQW JURXS WUDQVIRUPDWLRQV

FRXSOHG ZLWK �
� �
� RU �

 ZKLFK OHDYH WKH VLJQHG ILQLWH REMHFW LQYDULDQW� 2I WKH WZHOYH W\SHV RI GRXEOH

DQWLV\PPHWU\ SRLQW JURXSV� VL[ FRUUHVSRQG WR WKH VL[ W\SHV RI PDJQHWLF WZLQ ODZV� /LVWHG LQ DQ RUGHU

FRUUHVSRQGLQJ WR WKH W\SHV RI PDJQHWLF WZLQ ODZV OLVWHG LQ (TXDWLRQ ���� WKHVH DUH�
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4 GHQRWHV D SRLQW JURXS DQG + DQG . VXEJURXSV RI LQGH[ � RI 4� 5 LV D VXEJURXS RI LQGH[ � RI ERWK +

DQG . DQG D VXEJURXS RI LQGH[ � RI 4�

4^+` GHQRWHV D JURXS ZKHUH WKH HOHPHQWV RI 4 QRW FRQWDLQHG LQ WKH VXEJURXS + DUH FRXSOHG

ZLWK �
� 4�+� GHQRWHV D JURXS ZKHUH WKH HOHPHQWV RI 4 QRW FRQWDLQHG LQ WKH VXEJURXS + DUH FRXSOHG

ZLWK �
� 4�+�^.` GHQRWHV D JURXS ZKHUH WKH HOHPHQWV RI 4 QRW FRQWDLQHG LQ + DUH FRXSOHG ZLWK �
 DQG

WKH HOHPHQWV RI 4 QRW FRQWDLQHG LQ . DUH FRXSOHG ZLWK �
� ,Q JURXSV 4�+�^+`� WKH HOHPHQWV RI 4 QRW

FRQWDLQHG LQ + DUH FRXSOHG ZLWK �

� ,Q JURXSV 4�+�^.`� ZLWK +  � .� WKHUH DUH HOHPHQWV RI 4 FRXSOHG

ZLWK �
� FRXSOHG ZLWK �
� DQG FRXSOHG ZLWK �

� 7KRVH HOHPHQWV RI 4 QRW FRXSOHG ZLWK DQ\ RI WKHVH

FRQVWLWXWH D VXEJURXS 5ZKLFK LV D VXEJURXS RI LQGH[ � RI ERWK + DQG .� DQG D VXEJURXS RI LQGH[ � RI

4� (OHPHQWV RI . ZKLFK DUH QRW LQ 5 DUH FRXSOHG ZLWK �
 DQG FRQVHTXHQWO\ GRXEOH DQWLV\PPHWU\ SRLQW

JURXSV RI WKLV W\SH FDQ EH GHQRWHG E\ 4�+�^.�5�`� 7KH PDWKHPDWLFDO HTXLYDOHQFH RI WKH PDJQHWLF WZLQ

ODZV JLYHQ LQ (TXDWLRQ ��� ZLWK WKH GRXEOH DQWLV\PPHWU\ JURXSV OLVWHG LQ (TXDWLRQ �$��� FDQ QRZ EH

HDVLO\ VHHQ� 2QH FDQ LQWHUH[FKDQJH WKH FRUUHVSRQGLQJ W\SHV RI PDJQHWLF WZLQ ODZV DQG GRXEOH

DQWLV\PPHWU\ JURXSV E\ LQWHUH[FKDQJLQJ WKH VTXDUH EUDFNHWV >@ ZLWK WKH FXUO\ EUDFNHWV ^`� ,Q WKH WKLUG

FROXPQ RI V\PEROV LQ 7DEOH � ZH JLYH WKH GRXEOH DQWLV\PPHWU\ JURXS V\PERO� (TXDWLRQ �$���� RI HDFK

RI WKH OLVWHG PDJQHWLF WZLQ ODZV�
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$L]X� .� ������� -� 3K\V� 6RF� -DSDQ ��� ��� � ����

+HHVFK� +� ������� =� .ULVWDOORJU� ��� ��� � ����

-DQRYHF� 9� ������� &]HFK -� 3K\V� %��� ��� � ����

-DQRYHF� 9� ������� )HUURHOHFWULFV ��� ��� � ����

-DQRYHF� 9�� /LWYLQ� '�%� 	 5LFKWHURYD� /� ������� )HUURHOHFWULFV ���� �� � ���

-DQRYHF� 9�� 5LFKWHURYD� /� 	 /LWYLQ� '�%� ������� )HUURHOHFWULFV ���� ��� � ����

-DQRYHF� 9�� 5LFKWHURYD� /� 	 /LWYLQ� '�%� ������� )HUURHOHFWULFV ���� �� � ����

/LWYLQ� '�%� ������� $FWD &U\VWDOORJUDSKLFD $��� ��������

/LWYLQ� '�%�� -DQRYHF� 9� 	 /LWYLQ� 6�<� ������� )HUURHOHFWULFV LQ SUHVV�

2SHFKRZVNL� :� ������� &U\VWDOORJUDSKLF DQG 0HWDFU\VWDOORJUDSKLF *URXSV� $PVWHUGDP� 1RUWK�+ROODQG�

6FKPLG� +� ������� LQ 0DJQHWRHOHFWULF ,QWHUDFWLRQ 3KHQRPHQD LQ &U\VWDOV� HGLWHG E\ $�-� )UHHPDQ DQG

+� 6FKPLG� 1HZ <RUN� *RUGRQ DQG %UHDFK� SS� ��� � ����

6KXEQLNRY� $�9� ������� 6\PPHWU\ DQG $QWLV\PPHWU\ RI )LQLWH )LJXUHV� 0RVFRZ� $FDGHP\ RI 6FLHQFHV�

�(QJOLVK WUDQVODWLRQ LQ 6KXEQLNRY� $�9�� %HORY� 1�9� DQG RWKHUV ������� &RORU 6\PPHWU\� HG� :�7� +ROVHU�

1HZ <RUN� 0DFPLOOLDQ��

6LURWLQ� <X� 	 6KDVNROVND\D� 0�3� ������� 2VQRYL .ULVWDOORJIL]LNL � 1DXND� 0RVFRZ� �(QJOLVK WUDQVODWLRQ�

)XQGLPHQWDOV RI &U\VWDO 3K\VLFV� 0LU� 0RVFRZ� ������

=DPRU]DHY� $�0� ������� 7KH 7KHRU\ RI 6LPSOH DQG 0XOWLSOH $QWLV\PPHWU\� .LVKLQHY� 6KWLLQWVD�

=DPRU]DHY� $�0� 	 3DOLVWUDQW� $�)� ������� =� IXU .ULVW� ���� ��� � ����

=DPRU]DHY� $�0� 	 6RNRORY� (�,� ������� 6RYLHW 3K\V� � &U\VW� �� � � ���



7$%/( &$37,216

7DEOH �� 5HSUHVHQWDWLYH PDJQHWLF WZLQ ODZV RI FODVVHV EHORQJLQJ WR WKH IDPLO\ RI 4  ���� 7KH W\SH RI

WKH PDJQHWLF WZLQ ODZ LV JLYHQ� LQ SDUHQWKHVHV� IROORZLQJ WKH PDJQHWLF WZLQ ODZ
V VHULDO QXPEHU� 7KUHH

V\PEROV DUH JLYHQ� WKH GRXEOH JURXS V\PERO ->)@� WKH VLQJOH JURXS V\PERO� DQG WKH FRUUHVSRQGLQJ

GRXEOH DQWLV\PPHWU\ JURXS V\PERO�

7DEOH �� )RU WKH PDJQHWLF WZLQ ODZ ->)@  � � 
� 
>� @ DQG WKH HLJKW W\SHV RI WHQVRUV OLVWHG LQ WKH ILUVW
] [ [\ ]

FROXPQ� WKH IRUPV RI WKH WHQVRUV 7 DQG 7  � 
7 DUH JLYHQ LQ WKH VHFRQG DQG WKLUG FROXPQ�
L M [ L

UHVSHFWLYHO\� 7KH WHQVRU QRWDWLRQ XVHG LV WKDW RI 6LURWLQ DQG 6KDVNROVND\D �������
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7HQVRU 'RPDLQ 6WDWH 6 'RPDLQ 6WDWH 6
L M

7\SH 7 7
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