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The need for a formal definition of a reorientation event in molecular 
dynamics simulations is recognised, and this is furnished through the quat- 
ernion formalism. Any rotation can be represented by a unit four- 
dimensional vector, and the general vector representing a molecule's 
orientation must be compared with those which represent symmetry oper- 
ations. The vector dot-product is used to decide whether a given orientation 
is closer to the undisplaced or to the symmetry rotated orientation. When the 
latter occurs a reorientation event is recorded and the inverse symmetry 
operation is invoked. 

Random reorientation rates are measured by a random walk procedure, 
and give a basis for an objective analysis of simulation results. The reorien- 
tation conditions are then extended by the introduction of adjustable par- 
ameters in order to change the random probabilities, resulting (for instance) 
in the ability to identify 2-fold tetrahedral events whereas the procedure first 
outlined cannot recognise these events. 

All the relevant crystallographic rotation groups are considered, octa- 
hedral, tetrahedral, hexagonal, trigonal, tetragonal. For each of these the 
modified conditions are investigated. 

1. INTRODUCTION 

In  the condensed  state of molecular  mat te r  the thermal  mo t ion  is ma in ly  in 
the form of small  d i sp lacements  and  rotat ions f rom mean  posi t ions.  However ,  
occasionally reor ienta t ional  mo t ion  takes place and  rotat ional  diffusion is said to 
occur.  T h i s  p h e n o m e n o n  can occur in a solid with no stacking defects which  
would  otherwise facilitate t rans la t ional  diffusion. Usua l ly  reor ienta t ions  are iso- 
lated events,  bu t  in some mater ials  they can become very f requen t  especially 
above a t rans i t ion  tempera ture ,  w h e r e u p o n  the mater ia l  is said to be in the plastic 
crystal l ine phase. G a i n i n g  an u n d e r s t a n d i n g  of the reor ienta t ional  characterist ics 

of the molecules  in this phase is an impor t an t  aim of molecular  dynamics  s imula-  
t ions of these systems. T h e  reor ienta t ional  mo t ion  is no t  usual ly  s imply  about  one 
axis of the molecule ,  and it becomes  impor t an t  to be able to d i s t ingu ish  be tween  
reor ienta t ions  about  different  axes. T h e  qua t e rn ion  fo rmula t ion  for molecular  
o r ien ta t ion  is now general ly  accepted for molecular  dynamics  s imula t ions  [1] as it 
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does not  have  the  pa tho log ica l  b e h a v i o u r  of  the  Eu le r  angle  fo rmula t ion ,  and  so 
q u a t e r n i o n s  are used  t h r o u g h o u t  th is  pape r .  

A m o l e c u l a r  m a y  reor i en t  be tween  (a) m o l e c u l a r  s y m m e t r y  re la ted  pos i t ions ,  
(b) pos i t i ons  re la ted  by  c rys ta l  s y m m e t r y  bu t  no t  m o l e c u l a r  s y m m e t r y  or  (c) 
pos i t i ons  bea r ing  no r e l a t ionsh ip  wi th  one ano ther .  F o r  case (a) the  m o l e c u l a r  
s y m m e t r y  is of ten the  c rys ta l  site s y m m e t r y ,  b u t  is not  a lways  so;  the  si te s y m -  
m e t r y  is e i ther  the  same as tha t  of  the  mo lecu l e  or  is a s u b g r o u p .  F o r  case (b) the  
s y m m e t r y  of  the  molecu le  m a y  con ta in  a s u b g r o u p  of  the  site s y m m e t r y ,  b u t  th is  
can on ly  come abou t  by  the  gene ra t ion  of  c rys ta l  s y m m e t r y  b y  exis tence  of  o r i en-  
t a t iona l  d i so rder .  In  wha t  fo l lows we t rea t  on ly  the  m o l e c u l a r  s y m m e t r y  reo r i en -  
ta t ions ,  as this  t r e a t m e n t  con ta ins  all that  is necessa ry  for (b). N o  genera l  analys is  
can be given for  (c) as these  cases r equ i r e  tes ts  d e t e r m i n e d  by  the  c rys ta l  s t ruc tu re  
of  the  pa r t i cu l a r  sys t em conce rned .  

T h e  pa r t i cu l a r  examp le  w h i c h  p r o m p t s  this  work  is the  b o d y - c e n t r e d  cubic  
S F  6 sy s t em c o m p r i s i n g  oc t ahedra l  molecu les .  Ea r ly  work  on this  sys t em [2]  used  
a s imp le  test  for  r eo r i en ta t ion  abou t  the  ( 1 0 0 )  axes only .  In  this  p a p e r  we use the  
c r y s t a l l o g r a p h i c  no t a t i on  for ( ) b racke t s ,  so tha t  ( 1 0 0 )  m e a n s  ' a l l  ro ta t ions  
re la ted  to (100) b y  s y m m e t r y ' .  S u b s e q u e n t  work  [3]  sugges ted  tha t  ( 1 1 1 )  ro ta-  
t ions are of  some i m p o r t a n c e ,  and  this  raises  two ques t ions  : 

(i) W h a t  is the  def in i t ion  of  a r eo r i en ta t ion  ? 
(ii) W h a t  is the  p r o b a b i l i t y  of  each poss ib le  r eo r i en ta t ion  if the  ro ta t iona l  

d i f fus ion  is en t i r e ly  r a n d o m  ? 

In  wha t  fol lows we sugges t  an answer  to (i) ba sed  on the qua t e rn ion  f o r m u l a t i o n  
[1, 4] and  a m e t h o d  for  d e t e r m i n i n g  (ii), and  give a n u m b e r  of  resul ts  for  va r ious  
re levant  s y m m e t r y  groups .  

T o  h igh l i gh t  the  i m p o r t a n c e  of  the  answers  to (ii) the  reader  is cha l l enged  to 
make  a j u d g e m e n t  if  p r e s e n t e d  wi th  the  fo l lowing  data .  In  a p las t ic  c rys ta l l ine  
sys t em of  oc t ahed ra l  S F  6 mo lecu le s  75 pe r  cen t  of  r e c o r d e d  r eo r i en ta t ions  were  
n/2 abou t  ( 1 0 0 )  whereas  25 pe r  cent  were  2n/3 a b o u t  ( 1 1 1 ) .  Is  th is  r a n d o m  
behav iou r ,  or  is one of  the  r eo r i en t a t i on  processes  d o m i n a n t  ? 

2. REORIENTATIONS USING QUATERNIONS 

T h e  genera l  d i s p l a c e m e n t  of  a mo lecu l e  is, b y  Chas l e ' s  t h e o r e m ,  a t r ans la t ion  
of  the  cen t re  of  g rav i ty  of  tha t  mo lecu le  p lus  a ro ta t ion  a b o u t  an axis t h r o u g h  an 
angle.  T h e  qua t e rn ion  f o r m u l a t i o n  con ta ins  the  i n f o r m a t i o n  abou t  b o t h  the  axis 
of  ro ta t ion  and  the  angle  of  ro ta t ion ,  thus  a l lowing  a mo lecu l e  exp res sed  in any 
coo rd ina t e  sys tem to be  o r i en t ed  in a m o l e c u l a r  d y n a m i c s  sample .  In  wha t  fol lows 
it is a s s u m e d  tha t  all mo lecu le s  are  r e p r e s e n t e d  t h r o u g h  a m e a n  qua t e rn ion ,  and  
tha t  we are  dea l ing  wi th  relative r eo r i en ta t ions  away f rom this  mean .  T h u s  at 
some s tage we need  the  un i t  qua t e rn ion ,  1, r e p r e s e n t i n g  no r eo r i en t a t i on  away 
f rom the  mean .  

T h e  p r o c e d u r e  to be  a d o p t e d  can be d e s c r i b e d  as fol lows.  A t  any  one  m o m e n t  
a mo lecu l e  m a y  be ro ta ted  away  f rom the  m e a n  o r i en t a t i on  t h r o u g h  an angle  0q 
abou t  some  axis. H o w e v e r ,  because  of  s y m m e t r y  the  m o l e c u l e  cou ld  equa l ly  wel l  
be d e s c r i b e d  as ro ta t ed  abou t  a d i f ferent  axis t h r o u g h  c~j, and  there  will  be  a va lue  
of  ~ for  each poss ib le  m o l e c u l a r  s y m m e t r y  ope ra t ion .  In  the  course  of  a m o l e c u l a r  
d y n a m i c s  ca lcu la t ion  all the  va lues  o f  ~ wil l  change  s m o o t h l y  so that ,  a l t hough  we 



Molecular dynamics analysis 1149 

choose to describe the molecular  orientation through the smallest angle, ~i, in a 
reorientation event one of the values of ~j becomes the smallest. This  then defines 
the event, and the present  paper  is concerned with determining the relative values 
of c~ which can be done most  conveniently through the quaternion dot product .  

The  quaternion equations f rom Du Val [4] which are pert inent  to this work 
are given in [2], where it is shown that if the orientational displacement of the 
molecule is represented by the quaternion 

q = (q0; qt, q2, q3) (1) 

and that this rotation approaches a molecular  symmet ry  operatioh S, then q can 
be replaced by a new quaternion 

q' = q * S - 1 ,  (2) 

and a reorientational event recorded. T h e  asterisk here denotes quaternion 
mul t ip l ica t ion-- i t  is not a standard symbol  but  does add clarity in this paper.  
Postmuhipl icat ion by the inverse is required as the quaternion is used to get the 
molecule into the displaced orientation by acting on an undisplaced (mean) mole-  
cule, and any molecular symmet ry  operation on the undisplaced molecule will not 
alter the disposition of the final molecule. 

In 1-2] it is shown that a quaternion approaching a positive n/2 reorientation 
about (001) can be replaced by 

q ' = q .  ; 0 , 0 ,  - . (3) 

For  clarity the coefficient for the real axis is separated f rom the three coefficients 
for the ' imaginary  p r i m e '  1-4] by a semi-colon, though it should be remembered  
that the four coefficients all behave alike in that they form a unit vector in a 
four-dimensional  Euclidean space. In this representation the unit quaternion 

1 = (1; O, O, O) (4) 

corresponds to the undisplaced mean molecule, and we now ask whether  q or q'  of 
equation (3) is closer to 1, and then if q'  is the closer it is taken as the new 
quaternion and a reorientation is recorded. Performing the quaternion multiplica- 
tion we get 

q, {.q3+___qo.ql--q2 q2+ql q3--qo~ 
= k ,  x / 2 '  , , / 2 '  x / 2 '  ~-2 ]"  (5) 

The  test that can be applied is the comparison of the (four-dimensional) dot- 
product  of q and the unit quaternion 1 with a dot-product  of q'  also with the unit  
quaternion 1. These are respectively qo and (q3-4-qo)/x/2. Reorientation is 
recorded if 

qa + q0 x/---~ > q0 (i.e. q3 > 0"414q0)- (6) 

As there are six possible four-fold reorientations which we will denote as n/2 
(100) ,  the condition (6) is generalised with q3 replaced by the largest magni tude 
of ql, q2 or q3 say I qmax [, 

[ qmax I > 0"414qo �9 (7) 
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In condition (7) and the other conditions later it is assumed that q0 is always 
positive. This choice can always be made; the quaternion representation of orien- 
tations is double valued in such a way that q and - q  = ( - q 0 ;  - q l ,  - q 2 ,  -q3 )  
give the same orientation. 

There  are two other classes of symmetry operation that must be considered for 
an octahedral molecule, the 2rc/3 (111)  and the n (110).  If  the quaternion 
approaches 2 n / 3  (111), then 

( 2 1 1 .  1 )  
q ' = q *  ' 2' 2' 

( q l  + q2 + q3 + qo . q l  - -  q2 + q3 - -  qo 
\ 2 ' 2 ' 

q i  + q2 - -  q3 - qo - q l  + q2 + q3 - qo~  (8) 
2 ' 2 J 

giving reorientation if 

ql + q2 + q3 + qo 
> q0. (9) 

2 

It is possible for such a condition to be reached before (7) and therefore for 
such a reorientation to be recorded. This can be seen by taking the most favour- 
able set of quaternion coefficients ql = q2 = q3 which makes the condition 

3q3 + q0 
- -  > q0 (i.e. q3 > 0"333q0), (10) 

2 

which is then compared with (7). 
Generalisation of (9) to include all the eight possible 2 n / 3  (111)  reorientations 

is easily found to be 

Iqll + Iq2 l  + ]q3l  + q o  
> q0 (11) 

2 

Consider now the search for a reorientation about the diad axis of the octahedron 
along (1 t0). This symmetry operation is 

S d = O; x/2, x/2, 0 (12) 

for which the new quaternion value q' is 

(q~ + q2 . q3 - -  qo - - q 3  - -  qo q2 - -  ql"~ 
q ' = q * S d - '  = \  ?--2- ' 42  , x/2 , -x/-- 2- / .  (13) 

The reorientation condition is now 

ql + q2 
~/---~ > q0- (14) 

It can now be shown that such a reorientation of the octahedron will never be 
counted because a rt/2 (100)  reorientation will be recorded before (14) can 
happen. The  most favourable coefficients for the diad operation on q have 

ql = q2 giving ql > 0"707qo- (15) 
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Clear ly  cond i t i on  (7) m u s t  occur  be fore  (15) is r eached  and  thus  the re  is no 
poss ib le  c lass i f icat ion for a n ( 1 1 0 )  reor ien ta t ion .  T h i s  resul t  is con f i rmed  by  the 
resul t s  of  the  next  sect ion.  

3. RANDOM REORIENTATION PROBABILITIES 

C o n s i d e r  an oc t ahedra l  mo lecu le  s t a r t ing  in an u n d i s p l a c e d  o r i en ta t ion  u n d e r -  
go ing  a success ion of  smal l  r a n d o m  or i en ta t iona l  changes  such  tha t  when  cond i -  
t ions (7) or  (11) are m e t  the  a p p r o p r i a t e  qua t e rn ion  change  is app l i ed  and  a 
r eo r i en t a t i on  is coun ted .  F o r  t rue  r a n d o m  m o t i o n  there  will  be a f ixed rat io  
be tween  the  f requenc ies  of  the  two poss ib le  r eo r i en ta t ion  classes.  T h i s  rat io  m u s t  
be k n o w n  before  the  sys t ema t i c s  of  the  m o t i o n  in any sys t em can be  p r o p e r l y  
ana lysed .  

A qua t e rn ion  is r e p r e s e n t e d  by  a p o i n t  on  the  un i t  f o u r - d i m e n s i o n a l  h y p e r -  
sphere .  A cer ta in  v o l u m e  on the  h y p e r s p h e r e  c o r r e s p o n d s  to r eo r i en ta t ions  c losest  
to the  un i t  qua t e rn ion  (no reor ien ta t ion) ,  and  the re  are surfaces  sepa ra t ing  this  
v o l u m e  and  those  vo lumes  assoc ia ted  wi th  r eo r i en ta t ions  which  are c losest  to the  
var ious  p o i n t - g r o u p  s y m m e t r y  opera t ions .  A smal l  r eo r i en ta t ion  change  is rep-  
r e sen ted  b y  an arc of  p r o p o r t i o n a l  l eng th  on the h y p e r s p h e r e ,  and  this  p r o p o r t i o n  
is cons t an t  over  the whole  h y p e r s p h e r e .  T h e r e f o r e  the  r eo r i en ta t iona l  f requenc ies  
we need  are p r o p o r t i o n a l  to the  surface  areas  on the  h y p e r s p h e r e  which  separa te  
the  v o l u m e s  jus t  m e n t i o n e d .  T h e  h y p e r s p h e r e  d iv is ions  are shown schemat i ca l ly  
in f igure 1. T h e  p r o b l e m  m u s t  have an analy t ic  so lu t ion  t h r o u g h  the use of  
f o u r - d i m e n s i o n a l  spher ica l  t r i g o n o m e t r y  b u t  we use a s imp le r  m e t h o d  here.  

I n s t ead  o f  d e v e l o p i n g  the ana ly t ic  resul t  i t  is suf f ic ient  for  ou r  p u r p o s e s  to 
solve the  p r o b l e m  b y  a r a n d o m  walk p r o c e d u r e .  Such  a poss ib i l i t y  is e v ide n t  f rom 
the  p a r a g r a p h  above.  S t a r t i ng  at an u n d i s p l a c e d  o r ien ta t ion ,  smal l  o r i en ta t ion  
changes  are m a d e  at r a n d o m  us ing  a p s e u d o - r a n d o m  n u m b e r  gene ra to r  to choose  
the  step,  and  the f r equency  of  r eo r i en ta t ions  is found  by  r u n n i n g  the ca lcu la t ion  
for  a suff ic ient  t ime  and  p e r f o r m i n g  the  r eo r i en t a t i on  checks  ou t l i ned  in the  
p rev ious  sect ion.  As  the  q u a t e r n i o n  checks r e q u i r e d  for  the  r a n d o m  walk are 
exac t ly  as n e e d e d  in the  M D  work  on a s imu la t ed  sys t em the  r a n d o m  walk 
m e t h o d  is the  na tu ra l  way  of  d e t e r m i n i n g  the  r a n d o m  rate  f requenc ies  and  gives 
rise to t e s ted  c o m p u t e r  sof tware  for  the  M D  work .  T e s t s  of  the  sof tware  inc lude  

~lrrll 
Figure 1. Schematic representation of the 3-d ' sur face '  of the 4-d unit hypersphere 

divided by octahedral symmetry. The point } corresponds to no rotation, and the 
three other points depicted represent four-fold rotations about (100) and (010) and a 
three-fold rotation about (111). The  lines depict areas separating the volumes of the 
hypersphere surface which are nearest to the rotation points according to the dot- 
product rule. 
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the requ i rement  that  the reorientat ion rate f requency  about  each of  the eight 
( 1 1 1 )  axes should  be the same, likewise for the six ( 1 0 0 )  reorientat ions.  T h e  
variations between the separate est imates of  each rate can then be used to give 
est imates of  the accuracy of  the M C  determinat ion  of  the rate frequencies.  These  
are the errors quoted  with the results below, and serve to indicate the n u m b e r  of  
independen t  events used in the calculation. 

T h e  calculations were all implemented  on the I C L  Dis t r ibu ted  Ar ray  Pro-  
cessor (DAP)  in E d i n b u r g h  [5]. Each  of  the 4096 process ing elements  per forms  a 
separate r a n d o m  walk calculation, and the c o m p u t e r  runs at its m a x i m u m  25 
Mflops capacity th roughout .  Accuracy  of  about  1 per  cent  is generally achieved in 
about  20 s of  runn ing  time. 

In  the analysis of  the mot ion  of  octahedral  molecules,  condi t ion (15) was 
included and no such event was recorded.  Th i s  was used as another  software 
cons is tency check. T h e  result ing rates for x/2 ~100)  and 2zc/3 ( 1 1 1 )  were found  
to be 89"2 and 10-8 per  cent  (+0"1) ,  and therefore the answer  to the quest ion 
posed in the in t roduc t ion  is that  the 25 per  cent  ( 1 1 1 )  reorientat ion is far more  
f requent  than expected for r a n d o m  m o t i o n - - s u c h  a conclus ion may  not  have been 
ant icipated I 

4. OTHER SYMMETRIES 

T h e  s y m m e t r y  groups  of  interest are the p roper  rotat ion point  g roups  which  
could include the icosahedral  group,  bu t  this is left for the ambi t ious  reader. Only  
the crysta l lographic  g roups  involving more  than one class of  s y m m e t r y  opera t ion 
besides the identi ty are considered here. 

(i) Octahedral group (e.g. SF6) 

( i ,a)  condi t ion (7) 
(i, b) condi t ion (11) 
(i, c) condi t ion (14) generalized. 
R a n d o m  rates (i, a) 89-2 per  cent, (i, b) 10"8 per  cent,  (i, c) 0 per  cent. 

T h e  rate for (i, a) is appropr ia te  for the mot ion  of  a te t rahedral  molecule  between 
two sites which,  on average, are related by the crystal  site symmet ry .  Rates (i,b) 
and (i, c) apply for  the tetrahedral  molecule  as the s y m m e t r y  operat ions  are in the 
te t rahedral  subgroup .  

(ii) Tetrahedral group (e.g. CBr4) 

(ii, a) 27r/3 <111> as for (i,b) 
(ii, b) 7r <001> S -1 = (0; 0, 0, - 1 ) ,  (part icular  example) 
q' = q * S - 1  = (q3; - q 2 ,  ql, - - q o )  

Reor ient  if q3 > qo (q3 positive) 
Again we find that  for the mos t  favourable q (i.e. ql = q2 = 0) the reorientat ion 
condi t ion for (ii, a) becomes  

]q3[ + qo 
> q o  (i.e. ]q3] > q o )  

2 

T h u s  (ii, a) will occur  before (ii, b). 



Molecular dynamics analysis 1153 

(iii) Hexagonal, 62 (e.g. benzene) 

(iii, a) ~ - ( 0 0  _+1) S - 1 =  ; 0 , 0 ,  

Reorient if [ q~ ] + x/3 q0 > qo (i.e. [q3 [ > (2 - x/3)qo) 
2 

(iii, b) - ~ - ( + 1  0 0) &-~-  _+~ + 0 = ( 0 ;  ~ 1 , 0 , 0 )  

Reorient if [qt [ > q0 [& similar conditions] 
No conflict between (iii, a) and (iii, b). 
Random rates (iii, a) 76"5 per cent, (iii, b) 23"5 per cent. 

(iv) Trigonal, 32 (e.g. s-triazine) 

(iv, a) -~-(0 0 + 1) = ;0 ,  0, -Y- 

Reorient if x/3[q3[ + q 0 > q 0  (i .e .x/3[q3[ >q0)  
2 

(iv, b) Diads similar to example in (iii, b). 
No conflict between (iv, a) and (iv, b). 
Random rates (iv, a) 51.2 per cent, (iv, b) 48'8 per cent 

(v) Tetragonal, 42 (e.g. octasulphur) 

2~ 
(v, a) ~ -  (0 o _+ 1) As (i, a) 

(v, b) Diads similar to example in (iii, b). 
No conflict between (v, a) and (v, b). 
Random rates (v, a) 65"2 per cent, (v, b) 34"8 per cent. 

5. MORE GENERAL CONDITION 

(i) Octahedral 

The  conditions for claiming a reorientation as presented so far appear to be 
too strict in a num ber  of cases. Take  for instance the case where an octahedral 
molecule is rotating steadily about (110). In the formulation above no (110) 
reorientation can be recorded, but  after a partial reorientation condition (7) will 
be met  in some form. The  molecule is then deemed to have reoriented about (say) 
(100), but  the new quaternions immediately  satisfy a (]-11) reorientation. After a 
further  rotation about  this second axis the condition for a (111) rotation is met.  
This  succession of three rapid reorientations is equivalent to a single (110) reori- 
entation, and it is therefore possible in principle to identify all possible (110)  
reorientations f rom such event sequences. Such a procedure  is very inconvenient,  
and raises the very sort of  question we are trying to avoid with the quaternion test 
procedure,  namely:  when does one accept such a triple sequence of (100)  and 
(111)  events as a single (110)  event? A procedure must  be sought which allows 
(110)  events (and events (ii, b)) to be identified in their own right, and although 
such a procedure  may require arbi trary parameters  the important  result to know 
is what the random rate would be for the chosen parameter  values. 
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Figure 2. Variation of angle required for recording a (n/2) <100> reorientation, ~, as a 
function of ?. When y = 1 the reorientation is recorded for ~ = 45 ~ this being 
half-way to the n/2 orientation. 

C o n d i t i o n  (7) is a compar i son  of  q . 1 and q '  . 1, r equ i r i ng  q '  . 1 to be the  

larger  before  i m p l e m e n t i n g  reor ienta t ion .  W e  now suggest  that  

q'. l > y q .  1, (16) 

where  y ( >  1). Fo r  the rr/2 <100)  reor ien ta t ion  of  the oc tahedron  we get 

q~ + qo 
x/ ~ > 7qo 

and for the ideal case (q2 = q3 = 0) we find that  r eor ien ta t ion  is accepted  when  the 

ro ta t ion has reached  the angle ~ as shown in figure 2. T h u s  we see that  for y = ~/2 

the ro ta t ion mus t  be the comple t e  7r/2 before  acceptance,  and so such a value of  

is p robab ly  ra ther  too large for pract ical  use. F o r  any value  be low y = x/2 the re/2 

<100)  reor ien ta t ion  is always r ecorded  in p re fe rence  to the rc <110>, and so there  

is no way in wh ich  the i n t roduc t ion  of  a single pa rame te r  7 allows these lat ter  

reor ien ta t ions  to be r ecorded  and this s imple  exped ien t  fails. 

One  advantage  of  us ing 7 for the oc tahedra l  case is that  the rate ratios change 

as shown in f igure 3. In the example  of  the ques t ion  posed  to the reader  the (2rc/3) 

% 

60  

4 0  

20  

//ff 
14/;) 4~-f~ 

/ 
/ 

1"0 H 1-2 1"3 ~' 
Figure 3. Variation of the rate ratio for four-fold and three-fold reorientations as a func- 

tion of 7, (72 = ?3 = Y4). Here we observe that the three-fold reorientation rate 
increases from 10.8 per cent at ? = 1, reaching 40 per cent at Y ~ 1.32. The dashed 
curve is for ?2 = ?3 = 1, 74 = Y, labelled in parentheses, showing a much more rapid 
three-fold rate increase as a function of 74. 
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3-fold 

Figure 4. Schematic representation of the new hypersphere divisions (see figure 1) for 
octahedral symmetry with 7 ~ 1.2. The random walk path shown is such that a (n/2) 
(100) reorientation would be recorded if ~ = 1. 

(111 ) r eo r i en ta t ions  were  s igni f icant ly  g rea te r  t han  b y  chance,  and  the  choice  of  7 
(say 7 = 1"2) makes  the  r eco rd ing  of  the  genu ine  events  m o r e  re l iable ,  r educ ing  
the n u m b e r  of  ar t i f icial  (n/2) ( 0 0 1 )  events .  F i g u r e  4 shows schemat i ca l ly  the  
effect of  i n t r o d u c i n g  7 into the  cond i t i on  for  oc t ahedra l  r eor ien ta t ions .  T h e  
b o u n d a r i e s  of  f igure 1 have been  sh i f ted  away  f rom the 1 pos i t ion ,  t hus  chang ing  
the i r  re la t ive  vo lumes .  A poss ib le  ac tual  pa th  on the h y p e r s p h e r e  for  a (2n/3) 
(111) r eo r i en t a t i on  is shown  by  the  a r r o w e d  line.  W i t h  the  s t r ic t  7 = 1 cond i t i on  a 
(n/2) (100) r eo r i en t a t i on  w o u l d  be first r eco rded ,  whereas  wi th  7 inc reased  the 
excur s ion  t owards  (n/2) (100) has no effect and  on ly  the  (2~z/3) (111) is r eco rded .  

I t  t u rns  ou t  to be poss ib le  to m o d i f y  the  cond i t i on  (16) fu r the r  and  achieve a 
s i tua t ion  where  n ( 1 1 0 )  events  are r ecorded .  F o r  this  the  cond i t i on  

q ' .  l > T s q .  1 (17) 

where  d i f fe ren t  values  o f  7 are i n t r o d u c e d  for the  d i f ferent  s y m m e t r y  opera t ions .  
T h e  resu l t  shown in f igure 3 has been  o b t a i n e d  b y  inc reas ing  72 ,73  and 74 (the 
two- fo ld ,  t h r ee - fo ld  and  fou r - fo ld  s y m m e t r y  pa rame te r s )  equal ly .  T h e  d a s h e d  
curve  on this  f igure shows  the resu l t  whe re  72 = 73 = 1 and  on ly  74 is var ied .  
F i g u r e  5 shows the  resu l t  for  72 = 1 and  wi th  73 = 74 increas ing ,  where  2- fo ld  
r eo r i en ta t ions  even tua l ly  b e c o m e  de tec tab le .  F r o m  the  r eo r i en ta t ion  cond i t i ons  it 
can be shown tha t  no ( 1 1 0 )  even t  can occur  unt i l  bo th  73 and  74 exceed (1 + x/2)/  
2. F i g u r e  2 shows tha t  for  74 this  special  value  requ i res  70 ~ ro ta t ion  abou t  the  
fou r - fo ld  axis before  r eo r i en ta t ion  is accepted .  Such  large values  of  73 and  ~4 
could  be used  in those  cases where  ( 1 1 0 )  r eo r i en ta t ion  is expec ted  to be i m p o r -  

40 

2O 

1.2 

Figure 5. Rate ratios for octahedral symmetry as a function of 73 = 74, with 72 = 1. 
two-fold reorientations (denoted 2) begin to be possible when 7~ and 74 exceed (1 + x/2)/2. 



1156 G . S .  Pawley and  M. T .  Dove 

% 

60 

4 0  

20 

I-0 I'1 1'2 '~'3 

Figure 6. Rate ratios for tetrahedral symmetry as a function of Y3, with Yz = l. two-fold 
and three-fold reorientations (denoted 2 and 3) become nearly equally probable at 73 = 1-2. 

tant ,  whereas if it is on ly  the ( 1 1 1 )  reor ien ta t ions  which need to be emphas ized  
then  we could keep 72 = 73 = 1 and choose a value for 74 f rom figure 3 (broken 

line). 
T h e  use of Y values greater than  un i ty  has one clear advantage.  If  a molecule  

spends  a per iod of t ime  half -way be tween  two s y m m e t r y  sites it could cross the 
= 1 bo rde r  m a n y  t imes  wi thou t  u n d e r g o i n g  large d isp lacements ,  and  each cross- 
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Figure 7. 
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Rate ratios for (a) hexagonal, (b) trigonal and (c) tetragonal symmetries as 
functions of 76,73 and 74 respectively, with 72 = 1. 
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ing shou ld  not  be r e g a r d e d  as a r eo r i en ta t ion .  F o r  th is  reason the  c u r r e n t  values  
be ing  used  for  the analysis  of  S F  6 resul t s  is l ine (b) of  the  tab le  which  fol lows 

Random rates for motion in an octahedral site for ~z = l.  

Random rates (per cent) 

73 74 Three-fold Four-fold 

(a) 1.02 1 '06 43.5 56.5 
(b) 1-03 1 "09 52'1 47-9 
(c) 1.04 1"12 59-5 40-5 

(ii) Tetragonal 

T h e  cond i t i on  (ii, b) becomes  i m m e d i a t e l y  poss ib le  if (ii, a) is mod i f i ed  by  any 
73 > 1. T h e  rate p robab i l i t i e s  are shown in f igure 6 as a func t ion  of  ~3, wi th  equal  
p r obab i l i t i e s  occu r r i ng  at 73 = 1"195(5). 

( i i i -v)  Uniaxial groups 

A l t h o u g h  the re  is no p r o p e r  r eo r i en ta t ion  event  wh ich  cou ld  no t  be  r eco rded  
wi th  the  cond i t ions  for the  un iax ia l  n - fo ld  g roups ,  we p r e se n t  for c omp le t e ne s s  in 
f igure 7 the  change  in rate  ra t ios  as a func t ion  of  7 . .  T h i s  choice  accen tua tes  the  
r eco rd ing  of  two- fo ld  events ,  as these  are the  least  l ike ly  events  in ac tual  sys t ems  
of  molecu les  of  these  s y m m e t r i e s .  

6. CONCLUSIONS 

A formal  m e t h o d  has been  p r e s e n t e d  for  ana lys ing  m o l e c u l a r  d y n a m i c s  ca lcu-  
la t ions  for  m o l e c u l a r  r eor ien ta t ions .  W i t h o u t  a fo rmal  p r o c e d u r e  conc lus ions  con-  
ce rn ing  the mos t  p r o b a b l e  r eo r i en t a t i on  are sub jec t ive  and  cou ld  lead  to a w r o n g  
i n t e r p r e t a t i o n  of  c o m p u t e r  s imula t ions .  T h e  need  for  this  f o r m a l i s m  arose f rom 
the  analysis  of  the  p las t ic  hase s imu la t i on  of  S F 6 ,  whe re  m a n y  cases were  
o b s e r v e d  in which  m u l t i p l e  r eo r i en ta t ion  events  s eemed  to occur  wi th  an 
unphys i ca l  r ap id i ty .  M u c h  of  this  work,  wh ich  fol lows on f rom tha t  of  Dove  and  
Pawley  [3] ,  is be ing  r epea t ed  us ing  the cond i t i ons  ou t l i ned  here in .  
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